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The electron distribution function for nonpolar nondegenerate semiconduc-
tors is investigated analytically from warm electron range up to hot electron 
range when a weak magnetic field is applied. Taking account of the effects 
of the acoustical and optical mode scatterings for the simple model of the 
semiconductor in which the constant energy surfaces are assumed to be 
spherical, the Boltzmann equation is solved in the temperature range between 
77 and 300 K. The distribution is assumed to be expressed by the product of 
the Maxwell-Boltzmann distribution and an unknown function, and the un-
known function is calculated to be an analytical form. The hot electron Hall 
mobility as functions of fields is calculated from the distribution function, and 
its results are qualitative agreement with the experimental data obtained by 
Nag et al for n-Ge in strong field range. 
List of symbols 
B Magnetic field 
C Average longitudinal elastic constant 
c Factor in drift term of electron distribution 
D Interaction constant for nonpolar optical modes 
E Carrier energy 
Ea Acoustic deformation potential constant 
Eop Optical deformation potential constant 
e Electronic charge 
F Electric field 
f Distribution function 
H' Perturbing potential 
1i(=h/2rr), h: Planck's constant 
J Current density 
k Wave vector of a carrier 
ko Boltzmann's constant 
la Mean free path for acoustic scattering 
10 Mean free path for optical scattering 
m Effective mass of conduction electron 
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mo Free electron mass 
N g Number of phonons with wave vector q 
n Electron concentration 
q Wave vector of a phonon 
S Spherically symmetric part of distribution 
T Lattice temperature 
U Longitudinal sound velocity 
V Volume of crystal 
v Carrier velocity 
a(x) Dirac function 
Po Low-field mobility 
/.lH Hall mobility 
P Mass density 
'r Mean free time between collisions 
'ra Relaxation time for acoustic mode scattering 
'Lop Relaxation time for optical mode scattering 
lO Cyclotron frequency 
lOo Angular frequency of optical phonon 
109 Angular frequency of phonon with wave vector q 
1. Introduction 
In low electric fields the current density in semiconductor slabs obeys Ohm's law 
and the current density-electric field relation is linear, i.e., the mobility is constant. 
In high electric fields the current density-field relation is nonlinear although the car-
rier concentration is constant. i.e .• the mobility depends on field (1). Since the 
effective temperature of the carrier is higher than that of the crystal lattice, this 
nonlinear phenomenon is called < <hot carrier phenomenon" being caused by electron-
phonon interaction. impurity scattering and electron-electron interaction. Experimental 
investigations of the effects of high fields in semiconductor slabs were first carried 
out successfully by Shockley and Ryder in 1951 (2). A number of theoretical studies 
of this problem. i.e., the distribution function and the mobility of electron in semicon-
ductors. were carried out in the 1930's (3). Although the theoretical explanations 
by Shockley (4) have somewhat incorrect points because of the simple assumption, 
the contributions by Shockley and Ryder to this problem are appreciated in the point 
that they have provided the foundation for further work on "hot electrons". 
Conductivity in high electric fields has been studied in germanium and silicon. Conwell 
(5) succeeded to explain the experimental results for n-Ge at room temperature ob-
tained by Gunn. Many and Zucker. by means of numerical method considering both the 
optical and the acoustic mode scatterings for the simple model of the band structure. 
Yamashita et al (6)-(8) investigated the distribution functions in high fields, consid-
ering the various scattering mechanisms in both the simple model and the many-valley 
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model. Reik et al [9J-(11J calculated the distribution function in high fields for the 
many-valley model. However, they only succeeded to calculate the distribution function 
in strong field range, and the solution of the Boltzmann equation in warm range and 
intermediate field range is not obtained satisfactorily because of its mathematical 
difficulty. For the warm electron range or intermediate field range, many authors 
studied by various methods to calculate the distribution functions. Adawi [12J used 
the variational method, Sato [13J assumed the distribution function which has the 
uniform displacement of the drift Maxwellian, and J¢rgensen [14J used the numerical 
iteration method. However, they all used the series expansion which has poor conver-
gence. Budd employed the path variable method avoiding the use of Legendre poly-
nomial expansions and solved the equation by numerical method [14]. 
On the other hand, the hot electron Hall mobility has been studied by Budd [16J, 
[17J, Tsutsumi [18J and Nag et al [19J-[24]. Budd and Nag obtained the distribution 
functions only in strong electric fields. Tsutsumi treated the galvanomagnetic effects 
in warm electron range by series expansion method. 
In this paper, the distribution function for nonpolar nondegenerate semiconductors 
is investigated analytically from warm to hot electron range when a weak magnetic 
field is applied. In the first place, the relaxation time and the collision operator are 
discussed in Sec. 2. In Sec. 3, when the electric and the magnetic fields are applied 
to be perpendicular to each other, the Boltzmann equation is derived for a semicon-
ductor considering the acoustical and optical mode scatterings for the simple model. 
Next, the Hall mobility is calculated from the distribution function and its results are 
compared with experimental one [25J, [26J for n-Ge in Sees. 4 and 5. In the final 
section we briefly summarize the conclusions drawn in this paper. 
2. The relaxation time and the collision operator 
A. The relaxation time 
The transition probability from the initial state i to the final state f during time t 
can be written. 
·········(2.1) 
where H',i is the matrix element of the perturbing potential, and Ei and E, are the 
energies of the initial and final states, respectively. Using (2.1), we may write for 
the probability per unit time of a carrier being scattered out of k 
l=:77: ~[I(k+q, N q -1IH'lk, N q)120(Ek+Q, Nq-l-Ek, Nq) 
'C' it, q 
+I(k-q, N q+1IH'lk, N q)120(Ek_Q, Nq...l-Ek, Nq)J, ....... ··(2.2) 
where 'C' is the mean free time between collisions, k and q are the electron and phonon 
wave vectors, respectively, and the first term in the right-hand side of (2.2) is the 
transition probability out of k into k+q due to phonon absorption of /i{J)q, the second 
out of k into k-q due to emission of li{J)q. In (2.2) N q stands for the steady-state 
average number of phonons with wave vector q. We convert the summation over q to 
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an integration over q, 0 and r/J in (2.2) and obtain 
fi2 2) jqt(max) f1C J'21t + 2q - fiWq q2 sinOdOdfjJdq+ !(k-q, N q +1!H'!k, N q )!2 
m q=q' (min) 8=0 <1>-0 
········-(2.3) 
where m is the effective mass of conduction electron and V the volume of the crystal. 
Since we assume the spherical energy surfaces, the carrier energy E is expressed: 
········-(2.4) 
For acoustic scattering, the carriers are scattered by the longitudinal lattice waves 
only and the matrix element can be written (27) : 
E 21: (Nq+1 l !(k±q!H'a!k)!2= 2v;3~ l J ' N q ·········(2.5) 
where Ea is the acoustic deformation potential constant, U the velocity of longitudinal 
waves, p the density of the crystal, and the upper factor in braces is to be used for 
emission, the lower for absorption. The energy of a longitudinal acoustic phonon iiwq 
will be taken as fiUq neglecting dispersion. Since the equipartition law of energy is 
valid for the lattice oscillators, the number of phonons is well approximated by 
N q (=1/(exp(iiwq/koT)-1))= !oT - 21 , 
1tWq 
·········(2.6) 
where ko is the Boltzmann's constant and T the lattice temperature. From (2.3) the 
mean free time between collisions with acoustic mode obeying equipartition is given 
by 
....... ·-(2.7) 
where v is the carrier velocity and la the mean free path for acoustic scattering, 
given by 
·········(2.8) 
For nonpolar optical scattering, Wq is taken to be equal to a constant value wo. The 
nonpolar optical_ matrix element is given by (28) : 
E 2J: (Nq+1 l ! (k±q!H' !k)!2=_ op.J'£w~ "\ op 2VpU2 t J ' N q ········-(2.9) 
where Eop is the optical deformation potential constant and the upper factor in braces 
is to be used for emission, the lower for absorption. When (2.9) is substituted into 
the expression (2.3) for 'rop and the integration over q is carried out, we find 
_1_= (2E )1/2 (1+iiwo/E)1/2 +( 1 -iiwo/E)1/2 exp(xo) 
'rop m lo[exp(xo)-1) , ·········(2.10) 
where 10 is the mean free path for optical scattering, given by 
lo=2rr/i4PU2/(m2Eop2/i(J)o) 
and, moreover, we have introduced the notation 
_1i(J)o 
.%0- koT . 
B. The collision operator 
109 
...... ··-(2.11) 
........ -(2.12) 
In order to formulate the rate of change of the distribution function f (k) due to 
the interaction between carriers and the lattice, we must consider four processes by 
which the occupancy of the state may change. The carrier may be scattered into k 
(1) from k+q by emission of a phonon, and 
(2) from k - q by absorption of a phonon. 
The carrier may be scattered out of k : 
(3) into k-q by emission of a phonon, and 
(4) into k+q by absorption of a phonon. 
The rate of change of f(k) may be written 
[a~~k)]o= ~ ~(I(k, NqIH'lk+q, N q -l)12o(E,,-E"H+Ii(J)q)f(k+q) 
+!(k, Nq!H'!k-q, Nq+l)j2o(E,,-E,,_q-li(J)q)f(k-q) 
-I(k-q, N q + 1 !H'lk, N q)!20(E,,_q-E,,+Ii(J)q)f(k) 
- !(k+q, N q -1IH'lk, Nq)j2o(E,,+q-E,,-Ii(J)q)f(k)J. .. ...... -(2.13) 
Substituting the matrix elements (2.5) and (2.9) into (2.13), converting the summation 
to the integration, and making use of the fact that the 0 function is an even function 
of its argument, we obtain 
[ af(k) ] at a 
........ ·(2.14) 
and 
[ 8f(k)] _ mEop2(J)0 [Jk(1+(1+~wo/E)1I9) N 1 at op - 4rrJi2PU2k q-k( -1+(1+~wolE)1/2) q{( q + )f(k+q) - N q f(k)}dq 
Jk(1+C1-~WO/E)1/2) l + q{N q f(k-q) - (N q + 1) f(k)}dq ......... -(2.15) q-kC1-(1-~wo/E)1/2) J 
3. The Boltzmann equation 
For arbitrary fields the distribution function f may be expanded in a series of 
Legendre polynomials.* But substitution of this series into the Boltzmann transport 
equation leads to an infinite set of coupled differential equations for the In's. This 
is an intractable problem. However, it would be a good approximation to cut off this 
series at n= 1 (29J. Then the distribution function may be written by 
* f(k) = ~fn(k)PnCcoslt) , 
n=O 
where It is the angle between k and the direction of electric field F. 
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dS(E) /(E)=S(E)- (k-c(E, F, B)] dE ' .. · .. ····(3.1) 
where F is the externally applied dc field, B the magnetic field, and S (E) and (k-c) 
x ~i are the isotropic and anisotropic parts of the distribution function, respectively. 
The Boltzmann equation for the distribution function of the carrier momentum is 
given by 
[~LJ + [yLI =0. at F at Jo ········{3.2) 
The first term in (3.2) expresses the rate of change of the distribution function due 
to acceleration caused by the field: 
[3)LJ =-~CF+vxBJ - Vk/, at F ii ·········(3.3) 
where e is the electronic charge. The second term in (3.2) expresses the rate of 
change of the distribution function due to collisions: 
[_aLJ = [~J + (k-c) dS at 0 at 0 'f dE' ········-(3.4) 
where we assume that the collision time 'f exists. 
The Boltzmann equation is derived for the semiconductor subject to an electric field 
F applied in the x-rurection and a magnetic field B in the z-direction. The vanishing 
of [1f JF + [-~f-Jo implies that terms in different powers of k vanish separately. Using 
(3.2), (3.3) and (3.4), the Boltzmann equation is converted into the pair of equations 
JL(k-(eF)] S'-~(k-(Bxc)] S'= (k-c) S' ········{3.5) 
m m 'f 
and 
-l[{(eF)ec} S'+~E~(eF) e dc l) + ~E {(eF)ec} S,,]=[aS(E) J ii 3 l dE 3 at 0 ' 
········{3.6) 
where the primes indicate the differentiaton with respect to the energy E and an 
approximation replacing ii2k2/m by its average 2E/3 has been made here. From (3.5) 
we obtain 
- ii'f eF+(e'f/m)(Bx (eF)] ......... (3.7) 
c-m 1+w2'f2 ' 
where w is the cyclotron frequency, 
w=eB/m. ········{3.8) 
When (3.1) is substituted into (3.6) we obtain the differential equation : 
[ as(E) ] =_~ (eFY E-l/2 ~[E 3/2 S' 'f J .. ···· .. {3.9) at 0 3 m dE 1 + W2'f2 • 
Here the collision time 'f and the collision operator [aS~f) Jo are given by 
~=_1_+_1_ ........ {3.10) 
'f 'fa 'fop 
and 
[ as(E) ] = [ as(E) ] + [ as(E) ] ' at 0 at a at op ·········(3.11) 
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where the first terms in both equations represent the effect from the acoustic scat-
tering and the second terms that from the nonpolar optical scattering. Eqs. (3.10) 
and (3.11) are given by (2.7) and (2.10), and (2.14) and (2.15), respectively. We may 
obtain the distribution function from (3.9), which will be discussed in Sec. 4. 
4. Distribution functions 
As discussed in Sec. 3, the dominant scattering processes are the acoustic and optical 
mode scatterings. We may calculate the distribution function from (3.9). 
A. Acoustic mode scattering only 
In the case of acoustic mode scattering, (2.14) gives 
········{4.1) 
Since the phonon energy may be considered generally to be much smaller than the 
carrier energy, S(E±/iwq) is given by 
SeE ± liwq )=S(E) ± liwq S' + (Ii~ q )2 S". .. .. · .... (4.2) 
Then (4.1) becomes 
( ..£)1/2 2mU2 E-1/2~E2(S'+~)=-~ (eF)2 L[ES/2S' 't'a. J 
m 10. dE koT 3 m dE l+w2't'a.2 • 
The differential equation (4.3) for SeE) has an analytic solution: 
S(E)=C1(E+skoT(I+3B2U2/F2)J' exp( -E/koT) , 
where C1 is the constant and we have introduced the notation 
_ e2F 21a2 
s- 6mU2koT . 
When the magnetic field is removed, we find from (4.4) that 
S(E)::::::C1(E+skoTY exp (-E/koT), 
........ {4.3) 
........ {4.4) 
........ {4.5) 
........ {4.6) 
which is called the Yamashita-Watanabe function (6J. Moreover, in (4.6) we can find 
the Maxwell-Boltzmann distribution function in the limit as F--+O. 
B. Acoustic mode and optical mode scatterings 
In the case of optical mode scattering, (2.15) gives 
[~~ lp =(! y/2 lo(explxo)-IJ (CE+liwo)1/2{SCE+liwo)exp(xo)-S(E)} 
+(E-liwo)1/2{S(E-liwo) -S(E)exp(xo)}J . .. .. · .. ·{4.7) 
The Boltzmann equation (3.9) for the symmetric terms may be written for this case 
( 2 )1/2 2mU2 E-1/2 d [E2(S'+ S )J + ( 2 )1/2 E1/2 m -I-a - dE koT m lo[exp(xo) -IJ 
X ((I+liwo/E)1/2{S(E+liwo)exp(xo) -SeE)} +(I-liwo/E)1I2{S(E-liwo) 
-S(E)exp(xo)}J=-~ (eF)2 E-l/2~[E3/2S' 't' J. .. ...... {4.8) 
3 m dE l+w2't'2 
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Considering that W2T'2 can be neglected compared to unity under the weak magnetic 
field, we obtain the following equation after one integration of (4.8) 
2mU
210 [E(S'+~)J+ e2F 210 
10, koT 3 
loS' x~----~~------------~----------------------
1+1 [ 1(0,) IJ [(1+liwo/E)t
I2+(1-liwo/EY/2 exp(xo)) 
o exp Xo -
=- (1) 1 [IE E1 {~(~+IiWo)}1/2{S(~+liwo)exp(xo)-S(~)} d~J. 
exp Xo - E-f;;wo 
········-(4.9) 
The terms of the form C1-Ii{J)o/EY 12 are to be included only if E>Ii{J)o . 
( I) Strong field range (E)?liwo) 
In this case we obtain a solution for C 4.9) expanding the terms in powers of limo/ E 
taking account of second order in this quantity: 
SCE)=C2( E+ 1~ )A8 exp( -E/koT), ........ -(4.10) 
where C2 is the constant and we have introduced the notations 
At liwo 
A2koT - -A;- . 
(II) Warm electron range and intermediate electric field range 
It is difficult to solve the differential and integral equation (4.8) or (4.9) analytically. 
Considering the forms of the derived distribution functions (4.6) and (4.10), we may 
assume the distribution function in this range as follows : 
S(E)=¢(E)exp( - E/koT) . .. ...... -(4.11) 
When (4.11) is substituted into (4.8), we obtain a differential equation of the second 
order, which is unsolvable in general. In order to obtain a differential equation of the 
first order from (4.9), we use the Simpson's formula in the right-hand side of (4.9) 
and expand the function ¢(E + limo) as follows 
rl>CE+ liaJo)=rI>(E) +liaJor//(E) . 
Then we obtain 
S(E)=CaCE-ao)a(E-SoY(E-ro)r exp (-E/koT), 
where Ca is the constant. 
··· ...... (4.12) 
........ -(4.13) 
The constants a, S, r, ao, So and ro are determined by the following equation: 
a + S + r 
E-ao E-So E-ro 
B t E ........ {4.14) 
B2koT E3+_1_(BI-B2B3+B5)E2_~(B3B4+B5)E+ BaBs ' 
B2 B2 B2 
where we have introduced the notations 
113 
( 1 () 1 
,B2=A2 , 
3 1+~ exp Xo + ) 
10 exp(xo)-1 
Ba= 1iwo la B _ 1i,2w02 exp(xo) +4exp(xo/2) + 1 
2 10(1+~ eXP(xo)+I)' 4--6- exp(xo)-1 
10 exp(xo)-1 
5. Hot electron Hall mobility 
In this section we derive the Hall mobility for the semiconductors subject to an 
electric field F applied in the x-direction and a magnetic field B in the z-direction. 
The current density 111 in the y-direction is zero and the Hall mobility is given by 
f 00 ,2E3/2S'dE !J.H= I~I =~ -=-----co~---_ 
BzFz m f~ ,E3/2S'dE • ... · .. ··-(5.1) 
The Hall mobility for n-Ge at room temperature is calculated from (5.1), (4.10) and 
(4.13), using the constants of Table I. The numerical results are shown in Fig. 1, 
where the magnetic field is 6 kilogauss. The experimental data obtained by Nag et al 
(25J, (26J are shown simultaneously, which are reported at room temperature on the 
Hall mobility of 5Q.-cm (carrier concentration 3 x 1014/cm3) n-Ge for high electric 
fields along the <100> and <111> directions. 
Table I 
Constants of n -Ge used for calculations 
Quantity Value Units 
e 1.602XIO-19 C 
m 9.108 X IO-Q1 kg 
h 6. 625X 10-84 Jesec 
ko 1. 380X 10-23 JIK 
m 0.22mo kg a) 
Ea 10.5 eV b) 
D (=Eopwo/U) 8X108 eV/cm b) 
C 1.57XI011 N/m c) 
p 5.33X103 kg/m3 d) 
1-10 0.38 m2/V-sec e) 
Wo 5.56X1013 /sec f) 
a) R. N. Dexter and H. J. Zeiger, Phys. Rev. 10~, 637 (1956). 
b) R. Ito and H. Kawamura, Phys. Letters 13. 26 (1964). 
c) M. E. Fine. J. Appl. Phys. 24. 338 (1953). 
d) M. E. Fine, J. Appl. Phys. 26, 862 (1955). 
e) E. M. Conwell, Proc. IRE. 46, 1281 (1958). 
f) B. N. Brockhouse, J. Phys. Chern. Solids 8, 400 (1959). 
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The theory shows that £0 2,2 can be neglected compared to unity if the magnetic 
field is less than 10 kilogauss. This is coincident with the fact that the Hall mobility 
obtained experimentally by Nag is independent of the applied magnetic fields of 5 to 
8 kilogauss. 
As shown in Fig. 1, it is conceived that the theory in strong field range shows good 
agreement with the experiment qualitatively, but that the theory in warm electron 
range and intermediate field range does not give a good agreement. 
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Fig. 1. Hall mobility as a function of electric field intensity for n-Ge 
at 300 K. The solid lines (1) and (2) are the experimental data obtained 
by Nag et al (25J, (26J. The solid line (3) represents the theoretical 
curve for the simple model in hot electron range, and the dashed line 
(4) in warm electron and intermediate field ranges. 
6. Conclusions 
The distribution function is investigated from warm electron range to hot electron 
range for the simple model, by solving the Boltzmann transport equation taking 
account of the acoustical and optical mode scatterings. The distribution is assumed 
to be written by the product of the Maxwellian distribution and the unknown function 
¢(E), as shown in (4.11), in the field range of interest. The hot electron Hall mobility 
is calculated from the derived distribution function and the calculated results are 
compared with the experimental data obtained by Nag et al for n-Ge at room tem-
perature. 
As a result, it is summarized as follows: 
(1) The distribution functions can be represented by (4.4), (4.13) and (4.10) from 
warm to hot electron range. 
(2) The hot electron Hall mobility as functions of fields is calculated from the 
distribution function and its results are qualitative agreement with the experi-
mental data obtained by Nag et al for n-Ge in strong field range. As shown 
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in Fig. 1, the solid line (3) by the theoretical calculation lies between the 
experimental data (1) and (2), sin'ce we have assumed the simple model. 
(3) The theory in warm electron range and intermediate field range does not give 
a good agreement with the experiment. However, it is considered to be an 
interesting problem to investigate how to express ¢CE) analytically. 
The authors are now under further investigations for the above problem. 
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